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Abstract Natural communities at all spatiotemporal scales are subjected to a wide
variety of environmental pressures, resulting in random changes in the demographic
rates of species populations. Previous analyses have examined the effects of such
environmental variance on the long-term growth rate and time to extinction of single
populations, but studies of its effects on the diversity of communities remain scarce. In
this study, we construct a new master-equation model incorporating demographic and
environmental variance and use it to examine how statistical patterns of diversity, as
encapsulated by species-abundance distributions (SADs), are altered by environmental
variance. Unlike previous diffusion models with environmental variance uncorrelated
in time (white noise), our model allows environmental variance to be correlated at different timescales (colored noise), thus facilitating representation of phenomena such
as yearly and decadal changes in climate. We derive an exact analytical expression for
SADs predicted by our model together with a close approximation, and use them to
show that the main effect of adding environmental variance is to increase the proportion of abundant species, thus flattening the SAD relative to the log-series form found
in the neutral case. This flattening effect becomes more prominent when environmental variance is more correlated in time and has greater effects on species’ demographic

Electronic supplementary material The online version of this article (doi:10.1007/s00285-016-1022-4)
contains supplementary material, which is available to authorized users.

B

Tak Fung
tfung2000@gmail.com

1

Department of Biological Sciences, National University of Singapore, 14 Science Drive 4,
117543 Singapore, Singapore

2

Department of Plant Biology, School of Integrative Biology, University of Illinois, 505 S.
Goodwin Avenue, Urbana, IL 61801, USA

3

Smithsonian Tropical Research Institute, Balboa, Ancón, Republic of Panama

123

T. Fung et al.

rates, holding all other factors constant. Furthermore, we show how our model SADs
are consistent with those from diffusion models near the white noise limit. The mathematical techniques we develop are catalysts for further theoretical work exploring the
consequences of environmental variance for biodiversity.
Keywords Colored noise · Demographic variance · Environmental variance ·
Fokker–Planck equation · Master equation · Species-abundance distribution
Mathematics Subject Classification 37N25 · 92D25 · 92D40

1 Introduction
Stochasticity is a ubiquitous feature of ecological systems across all spatiotemporal
scales, from populations of flour beetles (Tribolium castaneum) in laboratory experiments (Reuman et al. 2006) to hyperdiverse communities of tropical trees (Chisholm
et al. 2014; Kalyuzhny et al. 2014a, b). Two general classes of stochasticity affecting
ecological systems have been identified—demographic and environmental variance
(Melbourne and Hastings 2008). The former arises from probabilistic determination
of events affecting a finite number of entities and is intrinsic in the sense that it acts
independently of changes in the surrounding environment. In contrast, environmental
variance is caused by random fluctuations in environmental factors such as temperature or water supply. The most analytically tractable type of environmental variance
is when the fluctuations are temporally independent, corresponding to white noise. In
this case, fluctuations of different frequencies have the same influence, resulting in
a flat power spectrum (Halley 1996). However, atmospheric temperatures have been
shown to exhibit positively correlated fluctuations at long (>50 years; Steele 1985) and
short (<3 months; Inchausti and Halley 2002) timescales, and there is some evidence
to suggest that sea temperatures exhibit strong, positive correlations on short to long
timescales (days to millennia; Steele 1985). These correlations result in fluctuations of
low frequencies having relatively higher influence and hence a power spectrum with
decreasing slope (Halley 1996). Because of the analogy with red light, such environmental variance has been referred to as red noise or noise that has been reddened from
white to some shade of red (e.g., Ariño and Pimm 1995; Caswell and Cohen 1995;
Halley 1996; Heino et al. 2000). In addition, analyses of hundreds of time-series of
population abundances have revealed a preponderance of reddened dynamics across
a wide range of terrestrial and aquatic species (Pimm and Redfearn 1988; Ariño and
Pimm 1995; Inchausti and Halley 2002), although the extent to which this is due to
reddened environmental noise, internal factors such as density dependence and foodweb structure, or a combination of these is an active area of theoretical and empirical
research (e.g., Kaitala and Ranta 1996; Kaitala et al. 1997; Petchey 2000; Heino et al.
2000; Inchausti and Halley 2002; Xu and Li 2003). Recent studies have examined how
colored environmental noise affects extinction risk of individual populations, yielding
qualitatively different predictions dependent on noise color, community structure and
their interaction (e.g., Mode and Jacobson 1987a, b; Foley 1994; Caswell and Cohen
1995; Ripa and Lundberg 1996; Morales 1999; Heino et al. 2000; Heino and Sabadell
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2003; Schwager et al. 2006; Schreiber 2010; Méndez et al. 2010). However, there
is a current lack of theoretical studies on the effects of colored environmental noise
on community patterns, in particular species-abundance distributions (SADs), which
show the expected number of species in different abundance classes and hence characterize patterns of commonness and rarity (e.g., Fisher et al. 1943; Preston 1948,
1962a, b). We address this knowledge gap here by developing a new stochastic model
with colored environmental noise and analyzing it to derive SAD predictions under
colored noise regimes with different magnitudes (or equivalently, amplitudes) and
frequencies of environmental fluctuations.
To motivate the development of our model, we start with some background on
deterministic ecological models. Such models are often based on ordinary differential
equations (or difference equations when working in discrete time) and omit stochasticity. Thus, they deterministically represent common ecological processes such as
competition and predation. These models include the classic Lotka–Volterra competition and predator–prey models (Lotka 1920, 1925; Volterra 1926; MacArthur and
Levins 1967), and many other models used broadly in ecological theory. An advantage of deterministic ecological models is that they are often analytically tractable or
at least straightforward to integrate numerically. For example, one can often find the
attractors (e.g., equilibria, cycles) and assess their stability, and thus speculate about
the states in which an ecological system is likely to be found. However, deterministic
models by design exclude the random forces that are prevalent in many ecological
systems. Stochastic ecological models are more realistic in this sense but are typically
more difficult to analyze than deterministic models. Analyses of stochastic models
have typically focused on quantities such as mean times to extinction (Leigh 1981;
Lande 1993; Foley 1994; Kalyuzhny et al. 2015) and SADs under various assumptions for species dynamics (Engen and Lande 1996a, b; Engen et al. 2002, 2011; Lande
et al. 2003; Allen and Savage 2007; Kessler and Shnerb 2014; O’Dwyer and Chisholm
2014; Kalyuzhny et al. 2015).
One fruitful avenue of research into stochastic ecological models has been based
on diffusion approximations (Ovaskainen and Meerson 2010), which render problems
susceptible to a broad array of mathematical techniques by treating the number of
individuals in a population as a continuous, rather than a discrete, quantity. Models
based on diffusion approximations typically use a Fokker–Planck equation that can
incorporate both demographic and environmental variance, as well as deterministic
processes such as density dependence (Lande et al. 2003). However, although previous
models incorporating environmental variance have used diffusion approximations to
make analytical predictions for SADs (Engen and Lande 1996a, b; Engen et al. 2002,
2011; Lande et al. 2003; Allen and Savage 2007; Kessler and Shnerb 2014), the
random effects of environmental variance in these models on the demographic rates
of a species population are not explicitly correlated in time – essentially, the case of
white noise is modeled. Therefore, these models are not so appropriate for representing
environmental events that are sustained for a given length of time, such as a drought
or flood, or environmental variables that change slowly (Steele 1985; Inchausti and
Halley 2002). This latter class of events corresponds to the case of colored noise,
where environmental variance effects are temporally correlated (Halley 1996). In a
Fokker–Planck equation, the effects of white environmental noise are represented as
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an additional factor in the diffusion term, which effectively increases the relative size
of fluctuations for large populations. However, the technical feasibility of explicitly
analyzing colored noise in the context of a Fokker–Planck equation is unclear. In
addition, diffusion models are known to produce inaccurate SADs (particularly at small
and large population sizes) when population dynamics fluctuate strongly (Ovaskainen
and Meerson 2010), which can occur under environmental variance.
An alternative approach to stochastic ecological modeling is to use master equations, which have been well studied in statistical physics and retain the notion of
individuals as a discrete quantity. The master-equation approach has been particularly
prominent in neutral theory and various of its extensions in recent years. In neutral
theory, stochasticity has a central role: here, species differences are entirely absent
and a balance of stochastic extinction and speciation maintains diversity at a dynamic
equilibrium, with continual turnover in species composition (Caswell 1976; Hubbell
1997, 2001; Bell 2000, 2001). The stochasticity in neutral models is demographic variance, the main effect of which is to increase the probability of extinction of a species
population at low abundances (Lande et al. 2003). Neutral theory’s most celebrated
achievement is its ability to fit static empirical patterns of diversity, including SADs
(Hubbell 2001; Volkov et al. 2003, 2007; Chisholm and Lichstein 2009; Chisholm and
Pacala 2010; O’Dwyer and Green 2010). However, neutral models have often been
found to give poor predictions of dynamic trends, with severe underestimation of temporal fluctuations in species abundances at ecological timescales (Chisholm et al. 2014;
Kalyuzhny et al. 2014a) and overestimation of species ages for large communities at
evolutionary timescales (Nee 2005; Chisholm and O’Dwyer 2014). A notable exception is the neutral model of a closed community used in Halley and Iwasa (2011), which
was found to give estimates of the rate of extinction after fragmentation that showed
good agreement with avifaunal extinction data over three orders of magnitude in area.
One obvious mechanism missing from neutral models that could potentially correct the
dynamic problems identified is temporal environmental variability and the different
ways in which species respond to it. Indeed, a recent study has shown how it is possible
to move beyond neutral theory by incorporating species differences whilst retaining
the tractability of the master-equation framework (O’Dwyer and Chisholm 2014).
A master-equation approach to modeling environmental variance has some advantages over previous diffusion approximation models that have been used to derive
analytical SADs (Engen and Lande 1996a, b; Engen et al. 2002, 2011; Lande et al.
2003; Allen and Savage 2007; Kessler and Shnerb 2014). In the master-equation
approach, temporal correlation in environmental variance over arbitrary timescales
can be modeled explicitly in a fairly straightforward way, allowing representation of
environmental events that are sustained over a period of time. In addition, since the
master equation retains species abundance as a discrete quantity, extinction thresholds
can be set at the natural value of one individual – this avoids approximation errors arising from treating abundance as a continuous quantity (Doering et al. 2005). Stochastic
difference equation models (Chesson 1991; Gyllenberg et al. 1994; Halley and Iwasa
1998) also allow representation of environmental variance effects that are sustained
over a period of time, but species abundances are updated using non-integer terms and
thus lose their discreteness. In addition, established analytical techniques used for the
master-equation approach cannot be applied, resulting in reduced analytical tractabil-
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ity. For example, Gyllenberg et al. (1994) were able to derive explicit formulae only for
the means of the SADs corresponding to two stochastic difference equation models,
whereas Halley and Iwasa (1998) derived explicit formulae specifying SADs for their
model only in the particular case of Beverton–Holt dynamics for insect populations
with large numbers of larvae and low adult survivorship.
Our goal in this paper is to extend the master-equation approach in stochastic ecological modeling to include environmental variance. This will allow the mathematical
machinery that has been so successful in the context of neutral theory to be applied
to a much broader range of ecological contexts. Unlike previous diffusion models,
the effects of environmental variance in our model can be temporally correlated for
an arbitrary length of time. Mathematically, our approach works by extending the
master-equation formulation of a neutral model (Volkov et al. 2003; Etienne et al.
2007; Chisholm and O’Dwyer 2014) to include a single extra parameter that represents the effects of environmental variance. We derive a condition on the parameters
to ensure that the model is well-behaved, in the sense that the mean community size
reaches a finite stationary value. We then derive an explicit set of formulae that exactly
specifies the stationary SAD for the model, as well as formulae specifying a close
approximation of this exact SAD. Afterwards, we use these formulae to show that as
environmental variance increases in magnitude or becomes more correlated in time,
holding all other factors constant, the SAD flattens out with concomitant increases
in the mean community size and species richness. Furthermore, we derive calculations showing that as the temporal correlation in environmental variance effects tends
to zero, our model SAD approaches an SAD predicted by a diffusion model with a
white noise representation of environmental variance (Kessler and Shnerb 2014). This
provides a direct connection between our master-equation approach and the diffusion
approximation approach.

2 Methods
2.1 The model
Our starting point is a non-zero-sum continuous-time version of Hubbell’s neutral
metacommunity model (2001), as described and analyzed in Volkov et al. (2003) and
Chisholm and O’Dwyer (2014). The dynamics of a population in this model follow a
birth-death process with speciation, defined by the master equation
d P(n, t)
= b(1 − α) [(n − 1)P(n − 1, t) − n P(n, t)]
dt
+ d [(n + 1)P(n + 1, t) − n P(n, t)]

(1)

for n ≥ 1 and by (1) without the first term for n = 0. Here, P(n, t) is the probability of
a population having abundance n at time t; b and d are the per-capita birth and death
rates of the population in the absence of speciation; and α specifies the proportion of
new individuals born that belong to new species, such that αb represents the per-capita
rate of production of individuals belonging to new species. At the community level,
however, new species are assumed to be established at a constant rate σ . This is a
simplifying assumption that reflects situations where (i) the mean community size
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exhibits relatively small fluctuations over time, and/or (ii) there are density-dependent
mechanisms constraining the number of new species, such as the availability of niches,
and/or (iii) new species predominantly arise from exogenous sources (see also Etienne
et al. 2007). Equation (1) is equivalent to Eq. (1) of Volkov et al. (2003), where in their
notation pn,k (t) = P(n, t) (the index k refers to the kth species, which we omit for
brevity), bn,k = b(1 − α)n and dn,k = nd. Equation (1) is also equivalent to equation
(1) of Chisholm and O’Dwyer (2014), except that they used the notation ν = α and
chose b = d = 1.
To create a non-neutral model in which environmental variance operates, we modify
the master equation by allowing the birth and death rates to change randomly with
time, representing the (possibly different) effects of environmental variance on these
rates. Thus, the master equation is changed to
d P(n, t)
= b∗ (1 + ε(t)) [(n − 1)P(n − 1, t) − n P(n, t)]
dt
+ d(1 + η(t)) [(n + 1)P(n + 1, t) − n P(n, t)] ,

(2)

where ε(t) and η(t) are the time-dependent random effects of environmental variance
on band d respectively, and for notational convenience we write b∗ = b(1 − α). The
functions ε(t) and η(t) need not continuously change with time and can be defined
such that random changes only occur at the end of fixed time intervals. Furthermore,
because they are random, their particular values can differ among species at the same
point in time, representing differential responses of species to the environment. The
inclusion of ε(t) and η(t) permits representation of environmental variance with any
degree of temporal correlation, resulting in considerable model flexibility. In the case
where ε(t) = η(t) = 0, the model collapses to the neutral case, and calculations
analogous to those in Volkov et al. (2003) show that the SAD is a log-series
with the


expected number of species with abundance n equal to S(n) = (σ/d) (1 + x)n−1 /n ,
where x = (b∗ /d) − 1 < 0.
We consider dynamics of the model with environmental variance for an initial community with an arbitrary number of individuals distributed over an arbitrary number
of species, and we consider only cases in which the model converges to a dynamic
stationary state with mean community size cycling around a finite value with period
equal to the timescale of environmental variance. We do not consider the case of an
exponentially growing community, which has been previously studied (e.g., Manrubia
and Zanette 2002; Maruvka et al. 2010, 2011, 2013).
2.2 Mathematical analyses of model
We first derive exact and approximate analytical formulae for the SAD predicted by our
model for the relatively simple case where η(t) = 0 and ε(t) changes values at the end
of every time interval of fixed length T, taking values of either −ε or ε with equal probability. In this case, environmental effects for a species are perfectly correlated within
each interval but are independent between intervals. Thus, the mean correlation in environmental effects between
in a time
T ∗ = mT , where m
 ∗interval of length
 two points
∗
∗
is a positive integer, is T + 0.5(T − T ) /T = 0.5(T + T )/T ∗ = (1 + m)/2m,
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and hence increases linearly to 1 as T increases (i.e., as m = T ∗ /T decreases).
Furthermore, the variance in environmental effects over the interval of length T ∗ is
2ε2 (T ∗ /T ) = 2ε2 m. Therefore, as T increases with fixed ε, the environmental effects
become more correlated (noise is reddened) and this is accompanied by a reduction in
variance of the effects. On the other hand, as ε increases with fixed T , only the variance
of the environmental effects increases. Afterwards, we show how our calculations can
be extended to more complex cases where η(t) = 0.
Our strategy for deriving an analytical formula for the SAD can be broken down into
four main parts: (i) derive an integral expression for the expected number of species
with abundance n in the stationary state, incorporating time-dependent transition probability matrices for n; (ii) derive analytical formulae for entries in the time-dependent
transition probability matrix for ncorresponding to time intervals where environmental
variance has a negative effect on b, and do the same for the matrix corresponding to
intervals where environmental variance has a positive effect on b; (iii) derive analytical formulae for integrals in the expression derived in (i); and (iv) use the analytical
formulae derived in (ii) and (iii) together with the expression derived in (i) to derive
explicit analytical formulae specifying the SAD.
2.3 Effects of environmental variance with different magnitudes
and degrees of temporal correlation
Using the SAD formulae derived in Sect. 2.2, we investigate what happens to the
SADs under environmental variance of different magnitudes and degrees of temporal
correlation. Different magnitudes of environmental variance are represented by five
different values of ε, increasing from the minimum value of 0 (no environmental
variance) to 0.2 and then to 0.4, 0.6 and 0.8, near the maximum value of 1. Differing
degrees of temporal correlation are achieved by altering the fixed time interval between
random changes in ε(t), from T = 0.01 year and then to 0.1, 0.5, 1 and 2 years
(increasing T corresponds to increasing correlation). In the simulations, b∗ , dand σ
are fixed at values of 0.5, 1 and 100 years−1 respectively, with T fixed at 1 year
when varying ε and ε fixed at 0.8 when varying T . The values of b∗ , d and ε are
chosen to satisfy a parameter constraint (described in Sect. 3) that ensure the mean
community size stabilizes at finite values, but the precise values of all the parameters
are not so important since we are more interested in trends obtained under different
environmental regimes. In particular, the SADs derived can be scaled by changing
the parameter σ . We also chose b∗ and d to achieve a low ratio between the net
birth rate and mortality rate of b∗ /d = 0.5. This constrains the abundances of species
populations and thereby facilitates computation of SADs and examination of how they
change under different environmental regimes. To check robustness of our results,
we examined higher ratios of 0.6 and 0.7 and found similar trends (see Sect. 4 and
Appendix H).
2.4 White noise limit
Under a diffusion approximation of species population dynamics, we adapt calculations by Kamenev et al. (2008) to show that colored environmental noise with weak
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temporal correlation can be approximated by white environmental noise, resulting
in an extra factor in the diffusion term. Corresponding SADs can then be calculated
using a previously derived formula (Kessler and Shnerb 2014). By relating parameters in our model to those in this diffusion model, we demonstrate that as the white
noise limit is approached, the SAD from our model becomes closely approximated
by the SAD predicted by the diffusion model. Specifically, it is shown that this occurs
in our model when environmental variance changes b∗ and d by an equal amount
in opposite directions, and as T decreases to zero with E = 2(b∗ ε)2 T remaining
constant. Parameter sets with {ε, T } = {0.0004, 10,000 years}, {0.004, 100 years},
{0.04, 1 year} and {0.4, 0.01 year} are tested, with b∗ , d and σ fixed at values of 0.9,
1 and 100 year−1 respectively. Also, to ensure b∗ and d change by an equal amount
in opposite directions, η(t) is set to −(b∗ /d)ε when ε(t) = ε and to (b∗ /d)ε when
ε(t) = −ε.

3 Results
3.1 Species-abundance distributions: analytical formulae for the case where
environmental variance acts on birth rate
Analytical formulae for the SADs arising from our model are derived, for the simple
scenario where ε(t) is constant over time intervals of length T but randomly varies
across intervals with P [ε(t) = −ε] = P [ε(t) = ε] = 1/2. Let X− (t) and X+ (t) be
the transition probability matrices for the abundance n of a species corresponding to
ε(t) = −ε and ε(t) = ε, respectively (the nkth entry in each matrix specifies the
probability of transitioning from abundance k to n in time t). Then for a large positive
multiple of T, tmax , at which point all of the initial species have gone extinct with very
high probability, the vector with nth element equal to the expected number of species
with abundance n at time tmax , S1,tmax , can be written as
S1,tmax

⎧
⎛
 tmax ⎪
⎨
⎝
σ
=
t=0 ⎪
⎩ Y ,Y ,...,Y
1 2
t/T 

⎞

⎫

 −
⎪
t/T 
⎬
+
m=1 Ym (T ) ⎠ Y (t − T t/T )+ Y (t − T t/T )
p(0)dt.
⎪
2
2t/T 
⎭

(3)
Here, a and a are the floor and ceiling functions, respectively; the nth element
of the vector p(0) is pn (0) = δn1 ; and Yx (t), x = 1, 2, . . . , t/T , can be either
Y− (t) or Y+ (t). Y− (t) and Y+ (t) are the same as X− (t) and X+ (t) but with the
first column and row removed; they are used instead of X− (t) and X+ (t) because the
vector S1,tmax only has entries for species with n ≥ 1. The integrand in equation (3)
is a vector where the nth element represents the probability of a new species arising
from speciation (with one individual) at time tmax − t and reaching an abundance of
n at time tmax , with the sum representing summation over all possible combinations
of the transition probability matrices from time tmax − t to tmax . To ensure biological
meaningfulness, the matrix product is set to 1 if the lower limit is higher than the upper
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limit, which occurs when t/T  = 0. The basic form of the integrand follows that for
the corresponding neutral model (Eq. (4) of Vallade and Houchmandzadeh 2003). A
more detailed explanation of the integrand is provided in Appendix A of Electronic
Supplementary Material (ESM) 1. Given the biological interpretation of the integrand
in (3), it follows that the nth element of the vector integral represents the expected
number of species reaching an abundance of n at time tmax .
It is shown in Appendix A that by writing tmax = kT and letting k → ∞, S1,tmax
tends to the limit
S1,∞ =

σ
(I − Y(T ))−1
2



T
t =0

Y− (t )p(0)dt +



T

t =0

Y+ (t )p(0)dt


,

(4)

where

Y− (T ) + Y+ (T )
.
(5)
2
Because tmax is a multiple of T , the nth element of S1,∞ specifies the expected
number of species with abundance n at multiples of T in the long-time limit. To obtain
the expected number of species of different abundances at multiples of T + t1 in the
long-time limit, where 0 < t1 < T , it is necessary to multiply S1,∞ on the left-hand
in abundances of species during
side by Y(t1 ), representing the expected transitions
 t1
Y(t)p(0)dt, representing the expected
the time period of length t1 , and to add σ t=0
change in number of species of different abundances due to new species arriving during
the time period. Then, to obtain an exact formula for the stationary SAD, the resulting
expression is averaged over 0 ≤ t1 < T . This formula is:
Y(T ) =


S∞ =

T
t1 =0


Y(t1 )S1,∞ dt1 + σ

T



t1

t1 =0 t=0

Y(t)p(0)dtdt1 .

(6)

It is noted that strictly, Eqs. (4) and (6) are only well-defined when the mean size of
−
+
the modeled community remains finite over time. This is the case if e x T d +e x T d < 2
(Appendix B in ESM 1), where x − = −ε + x(1 − ε), x + = ε + x(1 + ε) and
x = (b∗ /d) − 1. The biological meaning of this inequality is that environmental
fluctuations are not too large, such that the mean community size converges to a finite
value at multiples of time T , with cycles around this value at other times (Appendix
−
+
B). The constraint e x T d + e x T d < 2 also implies that the mean population size
of every species in the model tends to zero over time, i.e. every species eventually
becomes extinct (Appendix B). To ensure biological realism, in this paper we only
−
+
consider parameter sets for which e x T d + e x T d < 2 holds.
We will now derive formulae to compute S1,∞ as specified by Eq. (4) and S∞ as
specified by Eq. (6). As shown in Appendix C of ESM 1, the nkth entry in Y(T ) is
−
+
(T ) + Ynk
(T ))/2, where
(Ynk
−
(t) =
Ynk


−n

1
n+k−1
+1
[ (t)(1 + φ(t) (t))]−k
n
φ(t) (t)
× 2 F1 (1 − k, −k; 1 − n − k; (1 − (t))(1 + φ(t) (t))) ,



(7)
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with
φ(t) = e x


and
(t) = −

− td

(8)


1
1 + x−
.
−1
φ(t)
x−

(9)

+
−
(t) is the same as for Ynk
(t) except with x − replaced by
The expression for Ynk
= ε + x(1 + ε) (Appendix C in ESM 1). To increase the efficiency of computing
the matrix entries in (4), the following simple identities (Appendix D in ESM 1) can
be used, one of which relates an entry in Y− (t) (in the third row or below, i.e. n ≥ 3)
to the two entries above it and the other that does the same for an entry in Y+ (t) (with
n ≥ 3):

x+

−
Ynk
(t) =

(n + Ck )
An



−
Ak Y(n−1),k
(t) +

Bk
A



n − 1 + Ck
n−1




−
Y(n−2),k
(t)

(10)

and
+
Ynk
(t)

(n + Ck )
=
An



+
Ak Y(n−1),k
(t) +

Bk
A



n − 1 + Ck
n−1





+
Y(n−2),k
(t)

,

(11)

where
1
+ 1,
φ(t) (t)
Ck = k − 1,
(−G k + n − 1) [−G k + n + (2(G k − n + 1) − Dk − E k − 1)z]
Ak =
,
(G k − n + 1)(G k − n)(1 − z)
(Dk − G k + n − 1)(E k − G k + n − 1)z
Bk =
(G k − n + 1)(G k − n)(1 − z)
Dk = 1 − k,
A=

(12a)
(12b)
(12c)
(12d)
(12e)

E k = −k,
Gk = 1 − k
and

(12f)
(12g)

z = (1 −

(12h)

(t))(1 + φ(t) (t)).

Recursive use of these identities to derive all entries in the third row and below minimizes the number of hypergeometric functions to be evaluated, which are costly in
terms of time.
The first vector integral in (4) is


T
t =0

123
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T

t =0

Y1− (t )dt ,

(13)
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where Y1− (t ) is the first column of Y− (t ). Thus, the ith element of the vector integral
T
−
(t )dt . It is shown in Appendix E of ESM 1 that
is t =0 Yi1


T
t =0

−
Yi1
(t )dt =

(1 − y − (x − , T, d))i
1
,
(1 + x − )d
i

(14)

−

where 0 < y − (x − , T, d) = x − /(e x T d (1 + x − ) − 1) < 1. Thus, elements in the
vector integral follow a log-series distribution. Analogous calculations show that
T
+
−
− −
+
t =0 Yi1 (t )dt is given by (14) except with x and y (x , T, d) replaced by x and
+
y + (x + , T, d) respectively, where 0 < y + (x + , T, d) = x + /(e x T d (1 + x + ) − 1) <
1. Thus, elements in the second integral also follow a log-series distribution. Furthermore, (14) with T = t1 can be used to simplify the inner integral of the second term
in (6).
At this point, we observe that S∞ as given by (6) still needs to be computed using
numerical integration of two vector integrals—in our computation of S∞ below, we
use the middle Riemann sum with the interval between the lower and upper integral
limits partitioned into 100 equally-sized subintervals. However, approximations of S∞
may be obtained using S1,∞ as given by (4), which requires no numerical integration.
Recalling that S1,∞ represents the expected number of species at different abundances
at times that are multiples of T , it can be seen that S1,∞ is a good approximation of
S∞ if these expected numbers fluctuate only by relatively small amounts in between
multiples of T . For the wide range of environmental regimes that we test below, we
verify that S1,∞ ≈ S∞ , suggesting wide applicability of this approximation. This
provides evidence that at times in between multiples of T , the fluctuations in expected
numbers of species at different abundances typically have little impact on community
dynamics and the SAD. In particular, the fluctuations are expected to be relatively
small, with correspondingly small community impacts, when the community size is
large. When the fluctuations are relatively small, the nth element of S1,∞ can be used
to approximate the nth element of S∞ and simplified using (14) to give
S∞,n ≈ S1,∞,n =



∞

1
(1 − y − (x − , T, d))i
−
(1 + x )
i
i=1

(1 − y + (x + , T, d))i
1
+
,
(1 + x + )
i

σ
2d

Mni

(15)

where Mni is the nith entry in the matrix (I − Y(T ))−1 . Because this matrix is a
fundamental matrix for an absorbing Markov chain with transition probability matrix
Y(T ) (Kemeny and Snell 1960), Mni can be interpreted as the expected time a species
has abundance i before extinction, given that it starts with abundance n. Therefore,
Eq. (15) shows that S1,∞,n (i.e., the nth element of the approximate SAD) is the
weighted sum of terms from two log-series, with the weights being Mni . As n → ∞,
the second term in the square brackets in (15) dominates because it corresponds to the
probability of a species reaching abundance n from 1 over a period of time T , in the case
when environmental variance has a positive effect on the birth rate – this is much greater
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Fig. 1 Comparison of SADs from simulations and analytical formula (4). Species-abundance distributions
(SADs) normalized by community size for the model with demographic and environmental variance, derived
using simulations or using analytical formula (4). The parameter values used were σ = 100 year−1 , T = 1
year, ε = 0.8, b∗ = 0.5 year−1 and d = 1 year−1 . For the simulations, τ = 200 time steps per year were
used and dynamics were simulated for M = 1010 time steps. Using M = 109 time steps gave very similar
results, suggesting that using M = 1010 steps produces accurate approximations. The SADs derived from
the analytical formula use transition probability matrices truncated at dimensions 25, 50, 100 and 200

than the probability in the case when environmental
a negative effect on
∞ variance has
Mni (1 − y + (x + , T, d))i /i. The
the birth rate. Thus, S∞,n ≈ (σ/2(1 + x + )d) i=1
precise form of this approximation is unknown because of the lack of an analytical
form for Mni . However, the presence of terms from a log-series suggests that S∞,n
could decrease with n faster than a power-law but slower than an exponential function,
i.e. faster than a straight line on a double-log plot and slower than a straight line on
a semi-log plot. This qualitative conjecture is consistent with SADs that we derived
from the model (see Figs. 2, 3, described below).
We used simulations to verify the exact analytical formula (6) with square matrices
of dimension 25, 50, 100 and 200 used to approximate the infinite matrices. For the
parameter set tested and regardless of the matrix dimension used, the absolute percentage error in the SADs produced by Eq. (6) remained <0.5 %. Here, an absolute
percentage error is calculated by summing the absolute differences between two SADs,
one produced by the exact formula and the other by simulations, over all common abundances and then expressing this as a percentage of the area of the SAD produced by
the exact formula. Details on how the simulations were carried out are given in Appendix F, which also verifies the accuracy of the analytical SADs in Figs. 2 and 3 using
simulated SADs. Furthermore, we found that the approximate formula (4) produced
SADs that were very close to those produced by the exact formula, with the absolute
percentage error being <1.2 % regardless of the matrix dimension used. This implies
that the SADs produced by the approximate formula were close to the simulated SADs
as well (Fig. 1; SADs produced by the exact formula are omitted for clarity).
Biologically, truncation of an infinite matrix to a finite matrix of dimension a is
equivalent to assuming that transition of a species to and from an abundance higher
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Fig. 2 SADs: Varying magnitude of environmental variance, ε. a Species-abundance distributions (SADs)
for the model with demographic and environmental variance, derived using analytical formula (4) and four
parameter sets. The parameter sets all have σ = 100 year−1 , T = 1 year, b∗ = 0.5 year−1 and d = 1
year−1 , but have different values of ε: 0.2, 0.4, 0.6 and 0.8. In deriving the SADs, the transition probability
matrices were truncated at a dimension of 200. For comparison, the log-series SAD for the corresponding
neutral model with ε = 0 is shown, derived using calculations analogous to those from Volkov et al. (2003).
Both axes are on a logarithmic scale. b Same as a except that only the y-axis is on a logarithmic scale

than a occur with small enough probabilities that they have negligible effects on
species dynamics. Given that a species must go extinct eventually in our model for
the parameter sets examined in this study (as described above), the assumption is
reasonable given a sufficiently large finite matrix.
To facilitate use of the approximate SAD analytical formula (4), we provide Mathematica (v.10.2) code that implements this formula for a user-defined set of parameter
values, including a (ESM 2).
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Fig. 3 SADs: Varying degree of temporal correlation in environmental variance, T. Species-abundance
distributions (SADs) for the model with demographic and environmental variance, derived using analytical
formula (4) and five parameter sets. The parameter sets all have σ = 100 year−1 , ε = 0.8, b∗ = 0.5
year−1 and d = 1 year−1 , but have different values of T : 0.01, 0.1, 0.5, 1 and 2 years. Larger values of T
result in greater temporal correlation in the effects of environmental variance. In deriving the SADs, the
transition probability matrices were truncated at a dimension of 200. Both axes are on a logarithmic scale.
b Same as a except that only the y-axis is on a logarithmic scale

3.2 Species-abundance distributions: analytical formulae for the case where
environmental variance acts on birth and death rates
Using calculations analogous to those for the case where environmental variance only
affects birth rates, the expected SAD for the more general case where environmental
variance simultaneously affects birth and death rates is
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S∞ =

T

t1 =0


Z(t1 )S1,∞ dt1 + σ

T



t1

t1 =0 t=0

Z(t)p(0)dtdt1 ,

(16)

where
S1,∞

σ
= (I − Z(T ))−1
2



T
t =0

−

Z (t )p(0)dt +



T

t =0

+

Z (t )p(0)dt


.

(17)

Here, Z− (t ) is the same as Y− (t ) except that d is replaced by d(1 + η) and x − is
replaced by y − = −ε + y1− (1 − ε), with y1− = (b∗ /d(1 + η)) − 1. Similarly, Z+ (t )
is the same as Y+ (t ) except that d is replaced by d(1 − η) and x + is replaced by
y + = ε + y1+ (1 + ε), with y1+ = (b∗ /d(1 − η)) − 1. In addition, Z(z) is the same as
Y(z) except with Y− (z) and Y+ (z) replaced by Z− (z) and Z+ (z) respectively, where
z ∈ {t1 , t, T }. The inner integral in the second term of (16) and the integrals in (17)
can be evaluated using Eq. (14) with d and x − replaced by d(1+η) and y − or d(1−η)
and y + as appropriate, and by changing T to t1 as appropriate.
3.3 Species-abundance distributions: effects of increasing magnitude or degree
of temporal correlation of environmental variance
Starting with a set of parameter values corresponding to the neutral case with no
environmental variance, which gave a log-series SAD, increasing the magnitude of
environmental variance (i.e., increasing ε) resulted in a flattening of the SAD (Fig. 2).
SADs produced by the exact and approximate analytical formulae (Eqs. (6) and (4)
respectively) were very similar, with an absolute percentage error of <0.7 %. Therefore, only the latter are shown in Fig. 2. The main consequences of the flattening
process were increasingly more species expected at high abundances (Fig. 2). This
resulted in the mean community size and species richness increasing non-linearly from
200 to 232 and 139 to 143, respectively, as ε increased from 0 (the neutral case) to
0.8 (maximum value tested). The expected community sizes were calculated using the
exact formula given by equation (B5) in Appendix B of ESM 1, which matched the values found by summing the areas under the SADs produced by the exact formula. The
mean community species richness values were calculated by summing these SADs.
Mean community sizes and species richness values were computed analogously for
the SADs produced by the approximate formula and were very similar, with absolute
percentage errors of <1.1 % and <0.04 % respectively. Because both the approximate
and exact mean community sizes can be computed quickly using known formulae
(Appendix B), the error between the two can be used as a practical diagnostic in
determining whether it is appropriate to apply the approximate SAD formula. We
found that the rate of flattening increased with increasing magnitude of environmental variance on a semi-log scale (Fig. 2(b)), demonstrating non-linear effects on the
SAD.
Increasing the degree of temporal correlation of environmental variance (by
increasing T ) also resulted in a flattening of the SAD (Fig. 3). This is despite a
corresponding decrease in temporal variance of environmental effects, a decrease that
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would also arise from a decrease in ε (Sect. 2.2). Controlling for the decrease in
variance by increasing ε would make the flattening trend with increasing temporal
correlation even more pronounced. Again, only SADs produced by the approximate analytical formula are shown in Fig. 3 because these exhibited an absolute
percentage error of <2.1 % compared with the SADs produced by the exact formula. The flattening of the SAD corresponded to an increase in the exact mean
community size and species richness from 200 to 270 and 139 to 146, respectively, as T increased from 0.01 (minimum value tested) to 2 years (maximum
value tested). Corresponding mean community sizes and species richness values for
the approximate SADs were very similar, with absolute percentage errors of <3.2
and <0.2 % respectively. Overall, the effects of greater temporal correlation were
qualitatively the same as those from increasing the magnitude of environmental variance.
Figs. F1 and F2 in Appendix F of ESM 1 show simulations verifying the accuracy
of the exact analytical SAD formula for the parameter sets shown in Figs. 2 and 3, as
well as the accuracy of the approximate SAD formula.

3.4 Close approximation of model species-abundance distributions by those
from a diffusion approximation model near the white noise limit
We considered our model under the scenario where environmental variance affects the
demographic rates of a species in such a way that the net change is zero. Specifically,
ε(t) and η(t) either take values of ε and −(b∗ /d)ε or −ε and (b∗ /d)ε with equal
probability. In either case, both the effective birth rate b∗ and the death rate d change
by b∗ ε but in opposite directions, resulting in no net change in b∗ + d. In this scenario,
we adapt the path integral calculations by Kamenev et al. (2008) to show that close
to the white noise limit (this is the limit reached as T → 0, and so by close to this
limit we refer to small values of T ) with E = 2(b∗ ε)2 T fixed constant, the SAD
of our model can be closely approximated by that of a Fokker–Planck

 model with
drift and diffusion terms μ = d − b∗ and λ = (b∗ + d)/2 n + 2(b∗ ε)2 T n 2 ,
respectively (Appendix G in ESM 1). This Fokker–Planck model has an SAD that
resembles a log-series at low n and tends to a power-law with exponent − [2 + (μ/E)]
as n → ∞ (Kessler and Shnerb 2014). Figure 4 verifies that the SAD from our model
is closely approximated by the SAD from the Fokker–Planck model as T becomes
close to zero with E fixed by increasing ε. Thus, for sufficiently small T , the diffusion
approximation is accurate. In Appendix G, we present a more detailed discussion and
examination of the parameter conditions required for the diffusion approximation to
be accurate, including how 2b∗ εT needs to be sufficiently small and how it seems
likely that b∗ T and T d need to be sufficiently small as well. Examination of different
parameter sets suggests that a T value of about 0.1 year or below is sufficiently small
for the parameter conditions to hold and hence for the diffusion approximation to be
quite accurate (Appendix G). In Fig. 4, the lower limit of the y-axis, representing the
expected relative number of species, has been extended to show very low values down
to an order of 10−26 . Such low values are not biologically relevant, but are plotted
to clearly illustrate correspondence of SADs from our model with the Fokker–Planck
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Fig. 4 White noise limit: Comparison with SADs from a Fokker–Planck model. Close approximation of
species-abundance distributions (SADs) for the model with demographic and environmental variance to an
SAD derived from a Fokker–Planck model, near the white noise limit. The SADs for the former model were
derived using analytical formula (4) with four parameter sets. The parameter sets all have σ = 100 years−1 ,
b∗ = 0.9 year−1 and d = 1 year−1 , but have different combinations of ε and T : 0.4 and 0.01 year; 0.04 and
1 year; 0.004 and 100 years; and 0.0004 and 10,000 years. All these combinations of ε and T give the same
E = 2(b∗ ε)2 T . In addition, η = (b∗ /d)ε to ensure b∗ and d always change by an equal amount. When
deriving the SADs, the transition probability matrices were truncated at a dimension of 1000. As the white
noise limit is approached (i.e., T decreases to zero), with E fixed by increasing ε, the SADs get closer to the
SAD from a corresponding Fokker–Planck model. Conversely, as T → ∞ with E fixed by decreasing ε,
the SADs converge to the corresponding neutral SAD. All SADs were normalized by the community size

SAD. Conversely, as T → ∞ with E fixed by decreasing ε, our model SAD diverges
from the Fokker–Planck SAD and converges to the neutral SAD (Fig. 4).

4 Discussion
All natural communities are exposed to environmental variance of varying magnitudes
and frequencies, which acts in concert with demographic variance to exert stochastic forces on the dynamics of constituent species populations (e.g., Lande et al. 2003;
Chisholm et al. 2014; Kalyuzhny et al. 2014a, b). It is therefore important to understand
how environmental variance shapes patterns of biodiversity, yet rigorous theoretical
analyses of the effects of environmental variance on SADs remain sparse (Engen and
Lande 1996a, b; Engen et al. 2002, 2011; Lande et al. 2003; Allen and Savage 2007;
Kamenev et al. 2008; Kessler and Shnerb 2014; Kalyuzhny et al. 2015). In our study,
we have sought to address this knowledge gap by constructing a master-equation
model with demographic and environmental variance from first principles, which in
its simplest form has only one extra parameter compared with Hubbell’s neutral metacommunity model (Hubbell 2001). Our model retains the species symmetry inherent
in neutral models, in the sense that the demographic rates of each species are chosen
from the same distribution over time.
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Our model uses a master-equation formulation that allows random environmental
factors to act not only with different magnitudes but at different degrees of temporal
correlation (between model runs). This flexibility is essential for encompassing the
broad range of temporal scales at which environmental variance acts in nature—for
example, diurnal changes in temperature and sunlight; changes in mean annual precipitation; and large-scale climatic events that can last for more than a year and up
to several decades, such as those related to the El-Niño Southern Oscillation and the
Pacific-Decadal Oscillation (Mantua 2002). Capturing temporal correlation in environmental effects is particularly important given its prevalence in real time-series
of physical environmental variables (e.g., Steele 1985; Inchausti and Halley 2002;
Ruokolainen et al. 2009) and population dynamics (e.g., Pimm and Redfearn 1988;
Ariño and Pimm 1995; Inchausti and Halley 2002). Thus, our model is an important
extension of previous models with equations that do not explicitly incorporate temporal correlation in environmental fluctuations, which thus behave like white noise
(Leigh 1981; Engen and Lande 1996a, b; Allen and Savage 2007). These previous
models are unable to explicitly capture the consequences of random environmental
events that each persist over time with temporally correlated effects.
We were able to derive an exact formula specifying the SAD for our model, as
well as a close approximate formula. These formulae have complex forms, such that
we could not discern a simple relation between the expected number of species with
abundance n and the model parameters, unlike in the neutral case where the SAD takes
a standard log-series form (Hubbell 2001; Volkov et al. 2003; Chisholm and O’Dwyer
2014). In addition, the formulae include infinite matrices that need to be approximated
using finite matrices when the formulae are applied. We showed using simulations that
these approximations are accurate provided that the finite matrices are chosen to be
sufficiently large; however, larger finite matrices need to be computed to estimate
the SAD at larger population sizes, which take increasingly long times. Nonetheless,
the approximations provide a means of calculating the SAD more accurately and
efficiently than simulations for sufficiently large population sizes (e.g., Fig. 1 and
figures in Appendix F of ESM 1). Furthermore, the formulae demonstrate the analytical
tractability of our model and form a rigorous basis for further theoretical work that
aims to derive simpler approximations that (i) can be interpreted biologically in a
clearer way and (ii) are quicker to compute.
The most significant departure of our results from standard neutral results is that
environmental variance acts to flatten an SAD away from the log-series observed in
neutral theory and associated models. This flattening phenomenon inflates the number of species with high abundances and was also observed in a previous analytical
Fokker–Planck model incorporating environmental variance as white noise (Kessler
and Shnerb 2014). Given the prevalence of environmental variance in nature, we
predict in light of our results that many SADs will be flatter than neutral log-series
distributions, with higher mean community sizes and species richness. The biological
intuition underlying this phenomenon is that long periods with elevated net growth
rates allow species with intermediate to high abundances to reach higher abundances,
with this outweighing the effect of long periods with depressed net growth rates. For
species with low abundances, long periods with depressed net growth rates might be
expected to result in fewer species, but this is offset by species with higher abundances
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becoming rare due to similarly depressed net growth rates. Thus, overall, the number
of rare species does not change a lot (Figs. 2, 3). The prediction of SAD flattening is
difficult to test rigorously with empirical data at the moment because of the paucity
of completely sampled communities, but it may be testable in the near future with the
advent of large datasets gathered, for example, by remote-sensing. An alternative, less
rigorous test would be to develop statistical techniques that can distinguish neutral
log-series distributions from flatter SADs based on small samples of communities.
Our results also generate more nuanced predictions: our model suggests that the
flattening effect on the SAD should become more prominent as the frequency at
which environmental effects change decreases—i.e. when environmental variance
becomes more correlated over time. This implies that given an environmental regime
that changes demographic rates by a particular amount, the SAD flattening effect is
typically underestimated in models with environmental variance modeled as white
noise (Engen and Lande 1996a, b; Engen et al. 2002; Lande et al. 2003; Allen and
Savage 2007; Engen et al. 2011). Our prediction is consistent with results from an
experimental system of soil mites (Benton et al. 2002) and could be tested in similar
laboratory settings. Together, these results indicate that random environmental events
that change demographic rates substantially and that persist for long periods cause the
most dramatic change in SADs, holding all other factors constant.
It is noted that in our model, the mean community size can be increased by increasing
σ or by increasing x = (b∗ /d) − 1 to a negative critical value of x, xcrit (Appendix B
in ESM 1). Indeed, as x → xcrit , the mean community size tends to infinity (Appendix
B in ESM 1), so arbitrarily large mean community sizes can be achieved. Our exact
SAD formula (6) shows that increasing σ , which represents the rate of establishment
of new species, simply scales the SAD without changing its shape. Therefore, we
would have found the same trends with values of σ other than the one we chose
(100 years−1 ), which may be unrealistically high. On the other hand, increasing x
to xcrit entails increasing b∗ /d, which is the ratio of the net birth rate to the death
rate, to some value below 1. Such demographic changes do result in changes to the
shape of the SAD. To illustrate the effects of environmental variance on SADs, we
deliberately chose a relatively low value of b∗ /d = 0.5 to work with relatively small
species population sizes and facilitate computation of the SADs (Figs. 2, 3). However,
we would expect the trends that we found to hold for larger communities with higher
b∗ /d. This is because the underlying mechanism of environmental variance increasing
the probability of a species reaching higher abundances by strengthening increases in
abundance during “good” periods, as discussed above, does not seem to depend on
the precise value of b∗ /d. In support of this, we generated the SADs in Figs. 2 and
3 again but with two higher values of b∗ /d = 0.6 and 0.7, and found that the SADs
exhibited the same trends with increasing magnitude and frequency of environmental
variance (Figs. H1-H4 in Appendix H).
An important assumption of our model is that new species become established in the
modeled community at a constant rate. This approximates the case when new species
predominantly originate from an exogenous source and/or community size fluctuates
by relatively small amounts, possibly accompanied by density-dependent mechanisms
constraining the number of established new species to be more constant. Our model
could be extended by allowing speciation to have a variable component dependent

123

T. Fung et al.

on the community size. In this case, the constant speciation rate σ would be replaced
by σ1 + σ2 N̄ (t), where N̄ (t) is the mean community size at time t. This would have
the effect of introducing four extra, more complicated, vector integrals to the SAD
formulae (4) and (6). If the density-dependent part is weak (σ2 is small), then the trends
found in this study for the SAD under different environmental variance regimes should
still hold. If the density-dependent part is stronger, then the trends could be amplified
because density-dependent speciation accentuates “good” and “bad” periods, which
could be similar to the effects of an increase in magnitude of environmental variance.
We also showed that our model is closely approximated by a Fokker–Planck model
near the white environmental noise limit, thus unifying our analytical SAD results
with those from a diffusion approximation approach (Kessler and Shnerb 2014) and
showing how they can be viewed as a logical extension of them. Near this white noise
limit, our model SAD is closely approximated by one that exhibits a power-law at
high abundances (Kessler and Shnerb 2014). This power-law is flatter than a log-series
(Kessler and Shnerb 2014), thus emphasizing the flattening effect of environmental
variance identified earlier. We also showed that in the opposite limit, as the magnitude
of environmental variance tends to zero and becomes more temporally correlated, our
model converges to a neutral SAD. This is an intuitive result because conceptually, the
neutral case is equivalent to environmental variance effects of zero magnitude that are
perfectly correlated over all time. Thus, this result confirms our model as an extension
of neutral theory.
There are a number of ways in which our model can be further analyzed or extended,
in addition to those discussed already. For example, SADs from our model under
more complex environmental variance regimes, such as those with a greater variety
of possible effects on demographic rates (incorporating asymmetric effects), can be
examined in order to obtain a more detailed understanding of the effects of environmental variance on SADs. In addition, the model can be analyzed with respect to
other biodiversity patterns, such as temporal changes in species abundances (Azaele
et al. 2006; Chisholm et al. 2014; Kalyuzhny et al. 2014a, b). Particularly interesting from an applied perspective would be predictions of species extinction risk under
colored noise from our model, which could be used to inform conservation management. Here, there is the prospect of deriving analytical formulae to specify extinction
risk, thereby circumventing the need to estimate extinction risks using simulations. It
would be instructive to compare extinction risks derived from our model with those
predicted by previous models with colored noise (e.g., Mode and Jacobson 1987a, b;
Foley 1994; Caswell and Cohen 1995; Ripa and Lundberg 1996; Morales 1999; Heino
et al. 2000; Heino and Sabadell 2003; Schwager et al. 2006; Schreiber 2010; Méndez
et al. 2010) to obtain a holistic insight into the similarities and differences arising from
use of a master-equation approach. A closely related area for future work is derivation of species ages from our model, which is important because stochastic models
lacking environmental variance (neutral models) are known to produce overly long
species ages (Chisholm and O’Dwyer 2014). In addition, our model could be used
to examine the magnitude and timescale of extinction debt imposed by disturbances
such as fragmentation (Halley and Iwasa 2011). It should also be possible to test
predictions from our model empirically by collecting data on environmental variance
and species abundances in particular ecological systems. Lastly, our model could be
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extended by adding a community carrying capacity, which would result in densitydependent species population growth rates. SADs from such a model are expected to
be very similar to the ones found in this study if the mean community size stabilizes
to finite values far below the carrying capacity. On the other hand, if the community
size reaches values closer to the capacity, then species’ growth rates would be more
negatively affected, resulting in steeper SADs (Appendix I shows preliminary simulations illustrating this). A model with a carrying capacity would also allow exploration
of the case where community size grows until the carrying capacity is reached, thus
allowing constraints on the environment variance regime to be relaxed. However, it is
unclear to what extent the resulting model would be analytically tractable with respect
to derivation of SADs.
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