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Species populations are subjected to deterministic and stochastic processes, both of which contribute to their risk
of extinction. However, current understanding of the relative contributions of these processes to species extinction risk is far from complete. Here, we address this knowledge gap by analyzing a suite of models representing species populations with negative intrinsic growth rates, to partition extinction risk according to
deterministic processes and two broad classes of stochastic processes – demographic and environmental variance. Demographic variance refers to random variations in population abundance arising from random sampling of events given a particular set of intrinsic demographic rates, whereas environmental variance refers to
random abundance variations arising from random changes in intrinsic demographic rates over time. When the
intrinsic growth rate was not close to zero, we found that deterministic growth was the main driver of mean time
to extinction, even when population size was small. This contradicts the intuition that demographic variance is
always an important determinant of extinction risk for small populations. In contrast, when the intrinsic growth
rate was close to zero, stochastic processes exerted substantial negative effects on the mean time to extinction.
Demographic variance had a greater effect than environmental variance at low abundances, with the reverse
occurring at higher abundances. In addition, we found that the combined effects of demographic and environmental variance were often substantially lower than the sum of their effects in isolation from each other.
This sub-additivity indicates redundancy in the way the two stochastic processes increase extinction risk, and
probably arises because both processes ultimately increase extinction risk by boosting variation in abundance
over time.

1. Introduction
The number of coexisting species in a community emerges from a
balance between extinction and the introduction of new species, for
example by speciation or immigration. There has been much focus recently on the extinction side of this equation, particularly in light of
current unprecedented rates of species extinction (Barnovsky et al.,
2011; Ceballos et al., 2015). Existing studies have commonly used dynamic models to quantify the extinction risk of a species population
under constant or fluctuating environmental conditions (e.g., Leigh,
1981; Lande, 1993; Foley, 1994; Hakoyama and Iwasa, 2000; Lande
et al., 2003; Chisholm and O'Dwyer, 2014; Fung et al., 2018; see
Ovaskainen and Meerson (2010) for a review). On the one hand, if the
environment does not change over time and if we assume that intraspecific population structure is also time-invariant, then the intrinsic
demographic rates of a species population remain constant over time. In

⁎

this case, the expected abundance of a species population changes deterministically according to the intrinsic demographic rates, and we
refer to the processes underlying this deterministic trend as “deterministic processes”. However, random sampling of demographic events
for individuals in the population results in random variation in the
realized demographic rates, and this demographic variance causes the
realized abundance to deviate from the deterministic expected trend.
On the other hand, if the environment fluctuates over time, then this
causes the intrinsic demographic rates of a species population to change
over time, and this (temporal) environmental variance results in an
additional source of variation in abundance over time (Melbourne and
Hastings, 2008).
In previous studies, analytical formulae have been derived specifying the mean time to extinction (T̄ ) of a species population in a
constant (Leigh, 1981; Lande, 1993; Chisholm and O'Dwyer, 2014) or
fluctuating environment (Leigh, 1981; Lande, 1993; Foley, 1994; Halley
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and Iwasa, 1998; Hakoyama and Iwasa, 2000; Lande et al., 2003;
Kamenev et al., 2008; Fung et al., 2018). However, these previous
studies did not fully partition the effects of deterministic processes,
demographic variance and environmental variance on T̄ . Thus, it is still
unclear how these three underlying drivers of population dynamics
affect extinction risk quantitatively. For example, a number of previous
studies have found that a population often exhibits lower T̄ (higher
extinction risk) in a fluctuating environment where all three drivers are
present, compared with a constant environment with just two of the
drivers: deterministic processes and demographic variance (Leigh,
1981; Lande, 1993; Foley, 1994; Kamenev et al., 2008). This allows the
effect of environmental variance on T̄ to be quantified when it is acting
in concert with deterministic processes and demographic variance, but
it does not allow the effect of environmental variance on T̄ to be
quantified when it is acting with deterministic processes only. In addition, most previous studies using population models have only examined the case where environmental variance exhibits essentially no
temporal correlation (white noise) (Ovaskainen and Meerson, 2010),
whereas in reality environmental variance typically exhibits considerable temporal correlation (colored noise) (Steele, 1985; Halley, 1996;
Inchausti and Halley, 2002). Furthermore, comparison of results from
different studies is hindered by use of different population models with
different assumptions. For example, there are diffusion models that use
a continuous-time continuous-abundance framework (Leigh, 1981;
Lande, 1993; Foley, 1994; Hakoyama and Iwasa, 2000; Lande et al.,
2003; Doering et al., 2005), master-equation models that use a continuous-time discrete-abundance framework (Doering et al., 2005;
Chisholm and O'Dwyer, 2014), and probability transition matrix models
that use a discrete-time continuous-abundance framework (Fung et al.,
2018).
Here, we address the issues identified by using population models to
quantify T̄ under (i) just deterministic processes, (ii) deterministic
processes and demographic variance, (iii) deterministic processes and
environmental variance, and (iv) deterministic processes and demographic and environmental variance. Here, environmental variance can
exhibit any degree of temporal correlation, corresponding to the case of
colored noise. In natural environments, all three drivers occur simultaneously, but in a particular population model, different combinations of the three types can be represented by “switching off” demographic and/or environmental variance (Fig. 1). Demographic
variance can be switched off by ignoring random fluctuations that arise
from sampling of events and only considering the expected trend; environmental variance can be switched off by keeping the intrinsic demographic rates constant over time (Fig. 1). However, deterministic
processes cannot be switched off because they form the basis of population dynamics, without which a dynamic population model cannot be
specified. Quantifying T̄ under all possible combinations of the three
drivers of population dynamics allows us to fully partition the effects of
the drivers on T̄ . We use a suite of four models to quantify T̄ , but demonstrate how the different models can be interpreted under a common
mathematical framework, thus allowing direct comparison of T̄ values
among the four models. To obtain a more holistic insight into how the
different processes affect extinction time, we also examine the distributions of T for the four cases.
In our analyses, we consider a population that has a maximum
abundance, representing a fixed carrying capacity. Below this carrying
capacity, the population has a negative intrinsic growth rate (when
averaged over time), such that the population's abundance declines
exponentially over time in the absence of stochasticity. We do not
consider a population with a non-negative intrinsic growth rate because
such a population persists indefinitely without stochasticity, resulting
in an infinite extinction time that cannot be quantitatively compared
with extinction times when there is stochasticity. Our examination of
species populations with a negative intrinsic growth rate is consistent
with many previous studies that have used neutral ecological models,
which typically assume that the intrinsic mortality rate is marginally

Fig. 1. Example population dynamics for three cases where there are (i) deterministic processes only, (ii) deterministic processes acting together with
demographic variance, and (iii) deterministic processes acting together with
temporal environmental variance. In Case (i), the intrinsic birth and death rates
are constant over time (top panel), and abundance changes over time according
to the expected values that it would take. For the example shown, the intrinsic
birth and death rates are b = 0.99 yr−1 and d = 1 yr−1 respectively, such that
the abundance declines exponentially from its initial value of 4500 (bottom
panel). In Case (ii), the intrinsic birth and death rates take the same values as in
Case (i) and are again constant over time (top panel). However, unlike Case (i),
the abundance changes due to random sampling of birth and death events over
time, resulting in random fluctuations around the expected trend (bottom
panel; the red lines show five example trajectories). In Case (iii), the intrinsic
death rate is the same as in the previous two cases and is again constant over
time, but temporal environmental variance causes the intrinsic birth rate to
randomly change over time (top panel). For the example shown, when the in) or b (1 + ) with equal
trinsic birth rate changes, it takes a value of b (1
probability, where b = 0.99 yr−1 and = 0.03 (top panel). During time periods
where the intrinsic birth rate is b (1 + ) = 1.02 yr−1, the abundance increases
exponentially according to the expected trend (top and bottom panels).
Conversely, during time periods where the intrinsic birth rate is
b (1
) = 0.96 yr−1, the abundance decreases exponentially according to the
expected trend (top and bottom panels).

higher than the intrinsic birth rate due to a newborn individual having
a small probability of undergoing speciation (e.g., Hubbell, 1997, 2001;
Volkov et al., 2003, 2007; Chisholm and O'Dwyer, 2014). This scenario
of species populations having negative intrinsic growth rates has been
carried over to models with demographic and environmental
157
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stochasticity (Kalyuzhny et al., 2015; Danino et al., 2016; Danino and
Shnerb, 2018). A species population with a slightly negative intrinsic
growth rate may still persist for a long time (Chisholm and
O'Dwyer, 2014), and hence it is feasible that an observed species population in a real ecosystem has a negative intrinsic growth rate. In
addition, when considering a species population, its intrinsic growth
rate can be interpreted as the maximum growth rate given a particular
environment (which includes other species). Thus, a species population
may have a positive intrinsic growth rate in the absence of predators
and competitors, but a negative intrinsic growth rate in their presence –
a situation that may be common in real ecosystems because of coevolution between species locked in an evolutionary arms race (the Red
Queen hypothesis; Van Valen, 1973; McCune, 1982; O'Dwyer and
Chisholm, 2014).

variance have super-additive effects. If this inequality is reversed, then
they have sub-additive effects.
In addition to our main aim of quantifying T̄ under the four cases
with different combinations of deterministic and stochastic processes,
we also examine the distribution of T for each case. In the case with
only deterministic processes, the abundance dynamics are always the
same for each model run, and hence Tdet is always equal to T̄det .
However, in the other three cases with stochasticity, the abundance
dynamics vary with each model run. As described above, for each of
these three cases, T̄ is calculated using an analytical formula where
possible, but if not, then T̄ is calculated using 2,000 simulations of
abundance dynamics. For those cases where simulations are used to
calculate T̄ , we take the 2,000 values of T produced from the simulations and use them to construct a corresponding cumulative distribution
function. For those cases where simulations are not performed to calculate T̄ , we perform 2,000 simulations of abundance dynamics and use
the outputs to construct a cumulative distribution function for T.
To perform all our simulations and evaluate all our mathematical
formulae, we use R v.3.5.0 (R Development Core Team, 2013). In the
Supplementary Material, we provide an R script with computer code to
generate all our results (extinction times), which are stored as .Rdata
files. In the Supplementary Material, we also provide the .Rdata files
that are generated by the R script.
We now describe the four models in more detail, and the parameter
values tested.

2. Methods
Our main aim is to quantify mean time to extinction of a species
population, T̄ , under (i) deterministic processes only, (ii) deterministic
processes and demographic variance, (iii) deterministic processes and
environmental variance, and (iv) deterministic processes and demographic and environmental variance. Throughout, we consider only the
case where the population has a negative intrinsic growth rate below
the carrying capacity, which in our models is equivalent to the intrinsic
birth rate being less than the intrinsic mortality rate.
To achieve our main aim, we use a suite of four different models
describing the abundance dynamics of a species population, n(t), under
the four different cases. In each model, the abundance is bounded by a
carrying capacity K, representing finite resources. The carrying capacity
is implemented as a reflecting boundary, to increase mathematical
tractability. If the carrying capacity is instead modeled as a soft
boundary that gradually decreases the population growth rate as the
carrying capacity is approached, then we still expect our results to hold
qualitatively. For each model, where possible, an analytical formula for
T̄ is derived as a function of the model parameters and the initial
abundance, n (0) = n 0 K . If an analytical formula could not be derived, then T̄ is estimated using simulations instead – for a given set of
parameter values and initial abundance n0, the model is simulated
M = 2,000 times and then T̄ calculated as

1
T¯ =
M

2.1. Model for case (i): deterministic processes only
In this case, the abundance dynamics of a species population is
deterministic and is specified by an ODE:

dn
= (b
dt

Ti ,

(1)

In comparison with case (i), the deterministic changes in species
abundance are now modified by stochastic demographic variance, relating to random sampling of birth and death events for each individual.
The abundance dynamics are now specified by a master-equation:

Thus, the residual effect measures the change in T̄ due to the addition of demographic variance to deterministic processes. A negative
value of T̄dem means that demographic variance decreases the mean
time to extinction when added to deterministic processes. Analogously,
we use

T¯env = T¯det + env

dP (n, t )
= b [(n
dt

T¯det

dP (n , t )
= b (n
dt

(2c)

to measure the combined residual effect of demographic and environmental variance acting together. In addition, to determine to what extent demographic and environmental variance have additive (residual)
effects, we compare T̄dem + env with the additive prediction

T¯ dem + env = T¯dem + T¯env .
If

1, t )

nP (n , t )]
nP (n, t )] for 1

n

K

1,
(4a)

to measure the residual effect of environmental variance and

T¯dem + env = T¯det + dem + env

1) P (n

+ d [(n + 1) P (n + 1, t )

(2b)

T¯det

(3b)

2.2. Model for case (ii): deterministic processes and demographic variance

(2a)

T¯det .

(3a)

where b and d are the intrinsic per-capita birth and death rates, respectively. Thus, the species abundance either grows exponentially
until the carrying capacity is reached (b > d), declines exponentially
(b < d), or remains constant (b = d) . In our study, we only consider the
case where the abundance declines exponentially (b < d). The ODE
treats n as a continuous variable, which is biologically meaningful as an
expected value. However, it is necessary to specify an extinction
threshold, which is taken to be 1 (following studies such as
Lande (1993)).

where Ti is the time to extinction in the ith simulation. Subscripts are
used to distinguish T̄ for the four cases: T̄det , T̄det + dem , T̄det + env and
T̄det + dem + env , respectively. To measure the “residual effect” of demographic variance on extinction time, we use

T¯dem = T¯det + dem

K,

dn
= 0 for n > K ,
dt

M
i=1

d ) n for n

1) P (n

1, t )

nP (n, t ) d for n = K ,

(4b)

where P (0, t ) = 0 . Here, P(n, t) is the probability of the abundance
being n at time t. This model is the same as the one examined in the
classic study by Leigh (1981). For this model, we follow the method
used by Richter-Dyn and Goel (1972) and Leigh (1981) to derive an
explicit formula for the mean to extinction. This method involves defining a recurrence relation for the mean time to extinction as a function of the initial abundance, and then solving the relation directly

(2d)

T¯dem + env < T¯ dem + env , then demographic and environmental
158
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(Richter-Dyn and Goel, 1972; Leigh, 1981).
In simulations of this model, to represent demographic variance,
each unit time interval is first divided into m small sub-intervals of
equal length t = 1/ m . Because these sub-intervals are small, the
probability of two or more events occurring for an individual in one
sub-interval is negligible. Thus, within a sub-interval that starts at time
t, an individual gives birth, dies or does nothing, with the probabilities
of these three events being b(t)δt, d(t)δt and 1 b (t ) t d (t ) t respectively. Random sampling of events according to this procedure
produces demographic variance in the simulations. We use m = 500 in
all our simulations; using m = 1,000 produces virtually the same results,
with the maximum absolute difference between the two cumulative
distribution functions of Tdet + dem (n 0) being only 0.0157 on average.

) or b (1 + ) with equal
period of length τ, taking a value of b (1
probability.
In simulations of this model, demographic variance is represented in
the same way as described for the model for case (ii), by splitting each
unit time interval into m small sub-intervals of equal size and randomly
sampling events within each sub-interval. In addition, environmental
variance is represented in the simulations by randomly changing the
birth rate over time, at the start of each time interval of length τ. We use
m = 500 in all our simulations of this model, as for the model for case
(ii). Using m = 1,000 produces virtually the same results, with the
maximum absolute difference between the two cumulative distribution
functions of Tdet + dem + env (n 0) being only 0.0159 on average.
2.5. Parameter values tested

2.3. Model for case (iii): deterministic processes and environmental
variance

We choose d = 1 yr−1 without loss of generality and choose
b = 0.99, 0.8 and 0.5 yr−1, representing approximately equal b and d,
somewhat smaller b than d, and much smaller b than d, respectively. For
the two cases with environmental variance, for each combination of b
and d, we examine four sub-cases of environmental variance: small
magnitude ( = 0.2 ) and small temporal correlation ( = 0.2 yr), large
magnitude ( = 0.8) and small temporal correlation, small magnitude
and large temporal correlation ( = 1 yr), and large magnitude and
large temporal correlation. For each set of parameter values, we calculate T̄ using analytical formulae or simulations, from n 0 = 2 to K (20
equally-spaced values on a natural log-scale). We examine K = 500 and
a much larger value of K = 10,000 . In addition, we derive the cumulative distribution function of T for each n0.

In comparison with case (i), the deterministic changes in species
abundance are now modified by temporal environmental variance,
which causes random changes in the intrinsic demographic rates of the
species over time. The environment is assumed to change after every
period of time τ, and when the environment changes, the intrinsic birth
and death rates are drawn independently from two probability distributions, which may be discrete or continuous. The probability distribution for the intrinsic birth rates has mean b and variance b2 ,
whereas the distribution for the intrinsic death rates has mean d and
variance d2 . Thus, τ may be conceptualized as the temporal correlation
in environmental variance effects, and b2 and d2 may be conceptualized
as the magnitude of environmental variance effects. The abundance
dynamics are specified by the equations:

dn
= (B (t )
dt

D (t )) n for n

K,

dn
= 0 for n > K ,
dt

3. Results

(5a)

3.1. Case (i): deterministic processes only

(5b)

For the model with deterministic processes only, when b < d, the
abundance at time t, n(t), is found easily by solving the ODE (3a,b). This
gives

where B(t) and D(t) are the random time-varying intrinsic birth and
death rates, respectively. We examine the simple environmental regime
where the death rate does not change over time (i.e. d2 = 0 and
)
D (t ) = d ) and the birth rate can only take one of two values, b (1
and b (1 + ) (0 ≤ ɛ ≤ 1), with equal probability. Thus, b2 = b2 2 , and ɛ
measures the magnitude of environmental variance. This simple regime
and its variants have been examined in previous modeling studies of
environmental variance (Danino et al., 2016; Fung et al., 2016a; Danino
and Shnerb, 2018).
As in case (i), n is treated like a continuous variable in the model.
Therefore, it is necessary to specify an extinction threshold, which is
again taken to be 1.

n ( t ) = n 0 e (b

where n 0 = n (0) . Assuming an extinction abundance threshold of 1, the
mean time to extinction is found by substituting n (t ) = 1 into (7) and
then solving for t, giving

T¯det (n 0) =

1, t )

1
T¯det + dem (n 0) =
d

nP (n, t )] for 1

1
T¯det + dem (n 0) =
d

1) P (n

1, t )

(8)

n0

K

k =1 i=k

1 b
i d

i k

.

(9)

n0
k=1

b
d

K k+1

(b /d , 1, K + 1) +

(b/ d, 1, k ) ,
(10)

n

K

where Φ(z, s, a) is the Lerch Transcendent (Abramowitz and
Stegun,
1972).
Thus,
when
b< d
and
K
is
large,
n
T¯det + dem (n 0) (1/ d) k =0 1 (b/ d , 1, k ) , which is independent of K.
We also note that if b is sufficiently close to d, then the approximation b/d ≈ 1 can be used in Eq. (9), which can then be simplified to

1,
(6a)

dP (n , t )
= B (t )(n
dt

ln(n 0).

When b ≠ d, Eq. (9) can be simplified to

nP (n, t )]

+ D (t )[(n + 1) P (n + 1, t )

b

For the model with deterministic processes and demographic variance, following the procedure described in the Methods, we derived
the following formula for the mean time to extinction:

In this most complicated case, there are deterministic changes in
species abundances that are modified by demographic variance as well
as temporal environmental variance. Thus, species abundance dynamics are now represented by a master-equation with variable intrinsic birth and death rates:

1) P (n

1
d

3.2. Case (ii): deterministic processes and demographic variance

2.4. Model for case (iv): deterministic processes and demographic and
environmental variance

dP (n, t )
= B (t )[(n
dt

(7)

d) t ,

nP (n, t ) D (t ) for n = K .

(6b)

As for case (iii), we examine the simple environmental regime
whereby D (t ) = d is constant over time and B(t) varies after every

T¯det + dem (n 0)
159

n0
(1 + HK
d

Hn0 ),

(11)
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where Hz is the zth harmonic number. Thus, in this sub-case,
T¯det + dem (K ) = K /d and hence has an approximate linear scaling with K.
In addition, for large K and n0, T¯det + dem (n 0) (n 0/ d)(1 + ln(K / n 0)) and
hence scales logarithmically with K. However, the values of b and d that
we test below are not sufficiently close for Eq. (11) to be a good approximation; thus, we use Eq. (10) instead.

pii =

*

n for n

K,

1) d for 2

(R ( ))l R (t ).

For a species population with initial abundance n0, the expected
time spent at abundance n is the sum of the n0th row of

Tdet + dem + env =

= (I

K

1) P (n

1, t )

nP (n , t ) d for n = K .

1) b* for 1

i

K,

t=0

1
t=0

+ (I

l=0

(I

R ( )) 1R (t ) dt

R (t ) dt

exp(Q+ )) Q+1].

(18)

Therefore,

T¯det + dem + env (n 0) =

Tdet + dem + env (n 0),

(19)

where Tdet + dem + env (n 0 ) is the n0th row of Tdet + dem + env and the summation
is over all entries in this row. Eq. (19) can be used to numerically
calculate T¯det + dem + env (n 0) . However, for large K ≥ 1,000, it is impractical to calculate T¯det + dem + env (n 0) in this way because the exponential matrices in (18) take a long time to compute. Therefore, for
large K ≥ 1,000, we calculated T¯det + dem + env (n 0) using simulations as
described in Methods.
3.5. Trends in mean time to extinction with addition of demographic and/or
environmental variance
We calculated the mean time to extinction for the four cases using
the formulae described above, for the different parameter values described in Methods. We found similar trends when using a carrying
capacity of K = 500 or a much larger value of K = 10,000 ; therefore, we
report results only for K = 10,000 .
With deterministic processes only, the mean time to extinction T̄det
always increased linearly with ln(n0), with the coefficient of ln(n0)
varying inversely with d b (Eq. (8); Figs. 2 and 3, and Figs. S1 and S2
in Supplementary Material). Thus, as d b increased, i.e., as b decreased, T̄det decreased across n0 (Figs. 2, 3, S1, S2). When demographic
variance was added to the deterministic processes, the effect on the
mean time to extinction depended on how close b was to d. When b d
(b = 0.99 yr−1 and d = 1 yr−1), the addition of demographic stochasticity decreased the mean time to extinction by approximately a constant amount, such that the mean time to extinction T̄det + dem was close
to zero at small n0 and was approximately parallel to that of T̄det for
sufficiently large n0 (Panels (A) and (B) of Figs. 2, 3, S1, S2). The reduction in the mean time to extinction caused by demographic

1,

(14b)

The K + 1 by K + 1 generator matrix for this equation is P*, with
jkth entry specifying the transition rate from abundance j 1 to k 1.
Specifically, the entries are specified by

pi, i + 1 = (i

R ( ))

(R ( ))l R (t ) dt

t=0

1
(I R ( )) 1
(exp(Q t ) + exp(Q+t )) dt
t=0
2
1
=
(I R ( )) 1 [(I exp(Q )) Q 1
2

(14a)

dP (n , t )
= b* (n
dt

S (t ) dt =

=

nP (n, t )]
n

t =0

=

In the model with deterministic processes, demographic variance
and environmental variance, we again consider the simple case where
the intrinsic birth rate changes after every time interval of length τ, and
) and b+ = b (1 + ) with
can only take the two values b = b (1
equal probability. During a time interval of length τ, the birth rate is b*,
where * { , + } . In this interval, the abundance dynamics are specified
by the master equation

nP (n, t )] d for 1

(17)

l =0

3.4. Case (iv): deterministic processes and demographic and environmental
variance

+ [(n + 1) P (n + 1, t )

(16)

m

(t
t1) =
.
(13)
* 2
*
Thus, the change in ln(n) in each interval is determined randomly as
= (b (1
) d ) or + = (b (1 + ) d ) with equal probability. If
n2 exceeds K during a time interval, then ln (n2) is reduced to ln(K). In
addition, during the last time interval when the population goes extinct,
only the time from the start of the interval to the time of extinction
should be counted towards T¯det + env (n 0) , rather than the length of the
whole interval. The time from the start of the interval to the time of
for τ′,
extinction is found by solving ln(1) ln(n1) = ln(n1) =
which gives = (1/ )ln(n1) .

1, t )

(15e)

exp(Q t ) + exp(Q+t )
.
2

S (t ) =

(12b)

1) P (n

(15d)

K + 1,

k > 1.

ln(n1) =

dP (n, t )
= b* [(n
dt

i

The corresponding matrix for general t = m + t , where m is a nonzero integer, is

= b* d is the intrinsic per-capita (net) growth rate. For
where
*
general b and d, it is not possible to obtain a simple analytical formula
for T¯det + env (n 0) . Therefore, simulations need to be performed to calculate T¯det + env (n 0) , as described in the Methods. To speed up simulations,
especially for large abundances n, the time interval can be discretized
into consecutive time intervals of length τ and the dynamics over each
interval simulated as follows. First, solving (12a) gives ln(n) = t + C ,
*
where C is a constant. Let t1 and t2 be the times at the beginning and
end of a time interval, respectively. In addition, let n1 and n2 be the
abundances corresponding to these times. Then provided n2 does not
exceed K,
ln(n2)

pi, i

R (t ) =

(12a)

dn
= 0 for n > K ,
dt

Kd,

= (i

(15b)

K,

(15c)

pK + 1, K + 1 =
1

i

Let Q* be the matrix obtained by deleting the first row and column
of P*, corresponding to the absorbing state. Then considering the first
interval of length τ, the probability transition matrix of transient states
for t ≤ τ is

In the model with deterministic processes and environmental variance, we consider the simple case where the intrinsic birth rate
changes after every time interval of length τ, and can only take the two
) and b+ = b (1 + ) with equal probability. During a
values b = b (1
time interval of length τ, the birth rate is b*, where * { , + } . In this
interval, the abundance dynamics are specified by the ODE

d) n =

1)(b* + d ) for 1

pjk = 0 for j

3.3. Case (iii): deterministic processes and environmental variance

dn
= (b*
dt

(i

(15a)
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Fig. 2. (A) Mean time to extinction across initial abundance (n0) for a species population with a base intrinsic per-capita birth rate (b) of 0.99 yr−1, intrinsic percapita death rate (d) of 1 yr−1 and carrying capacity (K) of 10,000, for the four cases examined. Environmental variance causes random variation in the intrinsic per) or b (1 + ) with equal probability. The magnitude (ɛ)
capita birth rate: after every time period of length τ, the intrinsic per-capita birth rate takes values of b (1
and temporal correlation (τ) of environmental variance are 0.2 and 0.2 yr, respectively. (B) The corresponding effects of demographic variance in isolation from
environmental variance, environmental variance in isolation from demographic variance, and demographic and environmental variance in combination on the mean
time to extinction, calculated using eqs. (2a-d). The light green line is an additive prediction for the effect of demographic and environmental variance in combination, computed simply by adding the isolated effects of demographic variance and environmental variance. (C) and (D) are the same as (A) and (B) respectively,
except that the base intrinsic per-capita rate (b) is 0.8 yr−1. (E) and (F) are the same as (A) and (B) respectively, except that the base intrinsic per-capita rate (b) is
0.5 yr−1.
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Fig. 3. Same as Fig. 2, except that the magnitude (ɛ) and temporal correlation (τ) of environmental variance are 0.8 and 1 yr, respectively.

stochasticity was substantial – up to about 400 yr. However, as b decreased to somewhat less than d (b = 0.8 yr−1), the effect of demographic variance on the mean time to extinction became small, and
T̄det + dem was close to T̄det (Panels (C) and (D) of Figs. 2, 3, S1, S3). When
b ≪ d (b = 0.5 yr−1), the effect of demographic variance almost

vanished and T¯det + dem T¯det (Panels (E) and (F) of Figs. 2, 3, S1, S2).
When environmental variance was added to deterministic processes,
the effect on the mean time to extinction depended on the magnitude
(ɛ) and temporal correlation (τ) of the environmental variance. When
both the magnitude and temporal correlation were weak ( = 0.2 and
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= 0.2 yr), environmental variance had little effect and the mean time
to extinction T¯det + env T¯det regardless of how close b was to d (Fig. 2).
However, when the magnitude became strong ( = 0.8 and = 0.2 yr),
environmental variance substantially reduced the mean time to extinction when b d (Panels (A) and (B) of Fig. S1). The reduction was
smaller than that caused by demographic variance at low n0, but
eventually became larger as n0 increased (Panels (A) and (B) of Fig. S1).
When the temporal correlation became strong ( = 1 yr) instead of the
magnitude, the environmental variance substantially reduced the mean
time to extinction when b d and n0 was sufficiently large (Panels (A)
and (B) of Fig. S2). When both magnitude and temporal correlation
were strong, the reduction was greater than when either was strong
(Panels (A) and (B) of Fig. 3). As b decreased such that it was somewhat
smaller than d, the effect of environmental variance on the mean time
to extinction diminished, like the effect of demographic variance except
with a greater rate of diminishment (Panels (C) and (D) of Figs. 3, S1,
S2). When b ≪ d, the effect of environmental variance was negligible
and hence T¯det + env T¯det (Panels (E) and (F) of Figs. 3, S1, S2).
With the addition of both demographic and environmental variance,
the effect on the mean time to extinction again depended on the magnitude and temporal correlation of environmental variance. When both
were weak, the effect was similar to when demographic variance acted
alone, such that T¯det + dem + env T¯det + dem and the effects of the two types
of variance were close to additive (Fig. 2). When the magnitude and/or
the temporal correlation were/was strong, then the effect depended on
how close b was to d. If b was somewhat less than d or b ≪ d, then both
demographic and environmental variance had little effect on the mean
time to extinction, such that T¯det + dem + env T¯det and the effects of the two
types of variance were close to additive (Panels (C)–(F) of Figs. 3, S1,
S2). In contrast, when b d, demographic and environmental variance
interacted to reduce the mean time to extinction to a value lower than
when
only
one
type
of
variance
was
present,
i.e.
T¯det + dem + env < T¯det + dem, T¯det + env (Panels (A) and (B) of Figs. 3, S1, S2).
But the effects of the two types of variance were substantially sub-additive, typically by hundreds of years (Panels (A) and (B) of Figs. 3, S1,
S2).
In addition, for b ≪ d, there were small differences between T̄ for
the four models at very small n0 (Panels (E) and (F) of Figs. 2, 3, S1, S2).
However, these were artifacts arising from the imposition of a somewhat arbitrary extinction threshold of abundance 1 for the model with
deterministic processes only and the model with deterministic processes
and environmental variance, both of which operated using continuous
abundances.

4. Discussion
The extinction risk of a species population is affected by both deterministic and stochastic processes, with the two broad types of stochastic processes being demographic and environmental variance
(Melbourne and Hastings, 2008). In our study, we constructed population dynamic models with a negative intrinsic growth rate and all
possible combinations of the deterministic and stochastic processes
mentioned, and used the models to partition the effects of the different
processes on the mean time to extinction, T̄ , of a species population.
Thus, compared with previous studies (Leigh, 1981; Lande, 1993;
Halley and Iwasa, 1998; Hakoyama and Iwasa, 2000; Lande et al.,
2003; Kamenev et al., 2008; Chisholm and O'Dwyer, 2014; Fung et al.,
2018), our results provide a more complete quantitative assessment of
the circumstances under which different processes dominate and drive
species to extinction. The formula that we derived for T̄ for the case
with only deterministic processes (Eq. (8)) was straightforward and not
new (e.g., Lande, 1993). In addition, the formula that we derived for T̄
for the case with deterministic processes and demographic variance
(Eq. (9)) was essentially the same as that derived in previous studies
(Richter-Dyn and Goel, 1972; Leigh, 1981). However, the main novelty
of our study was the way in which we synthesized these results with
those from the remaining two cases with environmental variance. We
now unpack our results and discuss in further detail their relation to
previous studies and implications for our understanding of the causes of
species extinction.
Our first key finding was that when the intrinsic (net) growth rate of
a species population was quite far from zero, then deterministic processes were the main determinant of T̄ , with little effect of either demographic or environmental variance. In this situation, demographic
and environmental variance have little effect because even in their
absence, deterministic processes alone would quickly drive a species to
extinction. In particular, our results show that for a small population
with a negative intrinsic growth rate, extinction risk is not likely to be
driven by stochastic processes. These include populations that have
become rare because of deterministic factors such as sustained predation and competition from other species (including humans). Such small
populations are relevant in conservation and sustainable management.
Our results here may appear unsurprising, but a priori it was unclear
whether stochastic processes substantially affect extinction risk in populations with a negative intrinsic growth rate, and hence our results
help to clarify this situation. For example, a recent experimental study
examined how deterministic competitive effects and demographic
variance affected extinction risk in plant species within grassland
communities (Gilbert and Levine, 2017). These plant species have positive intrinsic growth rates in monoculture, but competition between
species may have caused some of their intrinsic growth rates to become
negative. The study concluded that both deterministic competitive effects and demographic variance had important effects on extinction
time, because competitive effects can push the abundance of an inferior
competitor to low values, whereupon demographic variance exerts a
strong pull towards extinction. However, our results show that if deterministic competition produces a strongly negative intrinsic growth
rate for a species, then the effect of demographic variance on extinction
time is likely to be negligible. Our results also clarify when stochasticity
could be neglected in modeling studies to promote analytical tractability and ease of interpretation.
In contrast to our first key finding, our second key finding was that
when the intrinsic growth rate of a species population was close to zero,
then stochastic processes were important determinants of T̄ . We found
that demographic variance was more important than (temporal) environmental variance at low abundances, because in this situation the
former can cause relatively large random jumps in abundance whereas
the latter can only alter the rate of exponential decay of the underlying
deterministic trend, via random changes in the realized demographic
rates. The importance of demographic variance in causing extinction at

3.6. Trends in distribution of extinction times with addition of demographic
and/or environmental variance
When demographic and/or environmental variance was added to
deterministic processes, the distribution of extinction times produced
was always skewed towards smaller values, regardless of how close b
was to d (Figs. 4, 5, S3–S8). In addition, both the CV and skewness of
the distribution of extinction times tended to decrease with greater
initial abundance, regardless of how close b was to d (Figs. S5–S8).
Furthermore, both the CV and skewness decreased as b became smaller
relative to d (Figs. S5–S8)
When both the magnitude and temporal correlation of environmental variance was weak, demographic variance was the main driver
of variation in extinction times. Thus, the distribution of Tdet + dem was
similar to that of Tdet + dem + env , and both distributions had a higher CV
and skewness than the distribution of Tdet + env (Figs. 4, S5). In contrast,
when both the magnitude and temporal correlation of environmental
variance was strong, environmental variance was often the main driver
of variation in extinction times, such that the distribution of Tdet + env was
often similar to that of Tdet + dem + env , and both distributions often had a
higher or similar CV and skewness than the distribution of Tdet + dem
(Figs. 5, S8).
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Fig. 4. (A) Cumulative distribution functions of extinction times for a species population with a base intrinsic per-capita birth rate (b) of 0.99 yr−1, intrinsic percapita death rate (d) of 1 yr−1 and carrying capacity (K) of 10,000, for the four cases examined. For each case, the cumulative distribution function is shown for 20
initial abundances (n0) between 2 and K, equally spaced on a log-scale (distributions further to the right correspond to larger n0). Environmental variance causes
) or b (1 + ) with
random variation in the intrinsic per-capita birth rate: after every time period of length τ, the intrinsic per-capita birth rate takes values of b (1
equal probability. The magnitude (ɛ) and temporal correlation (τ) of environmental variance are 0.2 and 0.2 yr, respectively. (B) and (C) are the same as (A), except
that the base intrinsic per-capita rate (b) is 0.8 yr−1 and 0.5 yr−1, respectively.

low abundances corroborates previous results using neutral population
models with (Leigh, 1981) and without a carrying capacity
(Chisholm and O'Dwyer, 2014). Our finding that T̄ scales with the
logarithm of initial abundance when initial abundance was sufficiently
large also corroborates previous results (Leigh, 1981; Doering et al.,
2005; Chisholm and O'Dwyer, 2014). In addition, we found that with
addition of demographic variance to deterministic dynamics, the effect
of demographic variance on T̄ saturates at an upper limit as the initial
abundance increases from small values. The underlying reason is that
the effect of demographic variance on abundance dynamics becomes
weaker as the abundance of a population increases, due to the law of

large numbers as applied to the random sampling of demographic
events. Thus, demographic variance only has an effect on T̄ when the
abundance of a species becomes sufficiently small on its way to extinction. This result again corroborates previous work using neutral
population models (Leigh, 1981; Lande, 1993; Chisholm and O'Dwyer,
2014). In our formulae, the dependence of T̄ on the carrying capacity
arises because demographic variance can result in the random sampling
of more birth events than death events in a given time period, such that
the abundance can increase above its initial value even though the
intrinsic growth rate is negative. However, this dependence becomes
weaker as the carrying capacity increases further beyond the initial
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Fig. 5. Same as Fig. 4, except that the magnitude (ɛ) and temporal correlation (τ) of environmental variance are 0.8 and 1 yr, respectively.

abundance, due to a lower probability of the abundance ever reaching
the carrying capacity. Furthermore, we found that if the intrinsic
growth rate was sufficiently close to zero, then T̄ scales linearly with
the carrying capacity when the initial abundance is equal to the carrying capacity. In contrast to our result here for a species population
model with a sharp reduction in growth rate to zero beyond the carrying capacity, for a species population model with deterministic logistic growth and demographic variance, T̄ scales with the square root
of the carrying capacity when the initial abundance and carrying capacity are large (Doering et al., 2005). This shows that close to the
critical threshold of zero for the intrinsic growth rate, the dependence
of T̄ on the carrying capacity varies substantially with the functional
form of the growth rate.
When the intrinsic growth rate of a species population was close to
zero, we also found that as abundances become larger, environmental

variance took over from demographic variance as the dominant stochastic process affecting extinction risk. We found that increasing either
the magnitude or temporal correlation of environmental variance
tended to reduce T̄ , i.e. accelerate extinction. The reason why environmental variance is the dominant process for larger abundances is
because unlike demographic variance, environmental variance produces correlated effects across all individuals of a population, by
changing their intrinsic demographic rates in synchrony. The importance of environmental over demographic variance at larger abundances, in terms of negative effects on extinction time, corroborates a
number of previous studies using population models (Leigh, 1981;
Lande, 1993; Lande et al., 2003) and also a number of recent studies
using community models (Chisholm et al., 2014; Kalyuzhny et al.,
2015; Danino et al., 2016, 2018; Fung et al., 2016b; Hidalgo et al.,
2017; Danino and Shnerb, 2018). However, we note that unlike some
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previous studies (Leigh, 1981; Lande, 1993; Foley, 1994), we considered not just environmental variance with low temporal correlation
(white noise) but allowed for environmental variance with any degree
of temporal correlation (colored noise), which is prevalent in nature
(Steele, 1985; Halley, 1996; Inchausti and Halley, 2002). In addition,
we were able to find a method of speeding up simulations for the case
with deterministic processes and environmental variance, and a matrix
form specifying T̄ for the case with deterministic processes and demographic and environmental variance, which can be evaluated numerically. The latter was derived using matrix algebra techniques similar to
those in a previous study that examined species-abundance distributions produced by a model with demographic and environmental variance (Fung et al., 2016a). This previous study found that environmental variance increased extinction time, in contrast to our results
here. However, this can be explained by the previous study (Fung et al.,
2016a) using a model without a carrying capacity, which accentuated
increases in abundance during time intervals when the population had
an elevated intrinsic birth rate.
Our third key finding was our most novel: when demographic and
environmental variance both had substantial effects on extinction time,
their effects were sub-additive, and typically by large amounts. We
were only able to deduce this sub-additivity by analyzing models with
all possible combinations of deterministic processes, demographic
variance and environmental variance. The combination typically
missing from previous studies is deterministic processes with environmental variance (but see Halley and Iwasa (1998) and
Fung et al. (2018)). The extreme sub-additivity we identified was
somewhat surprising because approximate additivity might have been
expected to arise due to the different modes by which the two types of
variance affect abundance dynamics. On the one hand, demographic
variance introduces random variation in abundance dynamics given a
particular set of intrinsic demographic rates; on the other hand, environmental variance introduces random variation into abundance dynamics by randomly changing the intrinsic demographic rates. The
extreme sub-additivity could have arisen because although the two
types of variance act via two different mechanisms, they ultimately
produce the same outcome: that of greater random variation in abundance dynamics. Thus, our results suggest that there is some redundancy in demographic and environmental variance, in terms of
increasing extinction risk. We note that we could not compare our results on sub-additivity to those from previous studies that used
branching processes to examine extinction times of species populations
under demographic variance (Kolmogorov, 1938) and demographic and
environmental variance (Geiger et al., 2003). This was because these
studies considered species populations with discrete non-overlapping
generations, no carrying capacity and an initial abundance of one, and
furthermore did not consider the case where environmental variance
acts in the absence of demographic variance.
Our last key finding was that in the presence of stochasticity, the
distributions of extinction times were always skewed towards smaller
values, with CV and skewness values that generally decreased as the
initial abundance increased and the intrinsic growth rate decreased.
These results are novel because previously, only a limited number of
studies (e.g., Kolmogorov, 1938; Kendall, 1948; Geiger et al., 2003)
have directly examined the distributions of extinction times from population models. The positive skew of the distributions reflects the fact
that extinction times are bounded from below by zero, but unbounded
from above. Thus, in any one realization of abundance dynamics, the
extinction time can be much greater than the mean value T̄ . However,
we found that the skewness and CV of the distributions of extinction
times tended to decrease as the initial abundance increased towards the
carrying capacity, which likely reflects the carrying capacity increasingly constraining increases in abundance beyond the initial value. In
addition, we found that the skewness and CV tended to decrease as the
intrinsic growth rate decreased, reflecting greater importance of deterministic processes. Overall, our results here highlight variation in

extinction times and caution against using only T̄ when assessing the
extinction risk of a population, especially for small populations with an
intrinsic growth rate close to zero.
Future studies could build on our present work by addressing its
limitations. Firstly, although we expect our results to generalize to
communities, we only used population models to generate our results.
Therefore, there is scope to conduct similar analyses using community
models with interspecific interactions such as competition, predation
and mutualism. To obtain analytical results for such community
models, a promising direction is to approximate dynamics from master
equations using corresponding Fokker-Planck equations, which are
simpler (e.g., Danino and Shnerb, 2018; Danino et al., 2018). Secondly,
we investigated simple environmental variance regimes that affect the
intrinsic per-capita birth rate symmetrically in two different ways (increase or decrease by a constant). Here, there is an opportunity to investigate more complex regimes affecting the intrinsic per-capita birth
rate asymmetrically and in more than two different ways. In addition,
regimes affecting other intrinsic demographic rates, such as the intrinsic per-capita death rate, could be examined. Thirdly, future studies
could examine extinction risk of populations with positive intrinsic
growth rates, in the presence of demographic and/or environmental
variance. Such populations persist indefinitely without stochasticity,
such that it is not possible to partition extinction risk according to deterministic and stochastic processes. However, it is still meaningful to
compare differences in extinction risk in the presence of different
combinations of stochastic processes. Lastly, there is the possibility of
developing techniques to partition observed variations in abundance
from real populations, according to deterministic and stochastic processes. Results from such empirical analyses could be compared with
our theoretical results, which can be refined as necessary.
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